Abstract. Let H(X, Y ) ( C(X, Y ) ) represent the family of holomorphic (continuous) maps from a complex (topological) space X to a complex (topological) space Y , and let
Introduction
In 1957 Lehto and Virtanen [21] defined a function f meromorphic on the complex unit disk D = {z ∈ C : |z| < 1} to be normal if {f • ϕ : ϕ ∈ A(D)} is normal in the sense of Montel, where A(D) is the group of conformal automorphisms of D. Since that time the subject of normal maps has been studied intensively, resulting in an extensive development in the single complex variable context and in generalizations to several complex variables settings (see [6] , [8] , [10] , [25] and lists of references in [4] and [18] is relatively compact in C(M, Y + ) for each complex manifold M, and that f ∈ H(X, Y ) is a normal map if {f } is uniformly normal. The topology used on all function spaces is the compact-open topology. Abate [1] has shown that a complex space X is hyperbolic iff H(D, X) is relatively compact in C(D, X + ). After preliminaries in §1, we offer our main results in §2, providing generalizations of Picard extension theorems from [11] , [14] , [15] , [16] , [19] , of the MontelCarathéodory Theorem and of a Noguchi extension-convergence theorem (see [5, p . 300], [22, pp. 20-21] and [23, pp. 39-64]). If X 0 , Y 0 are subspaces of the topological spaces X, Y respectively and F ⊂ C(X 0 , Y 0 ), then C[X, Y ; F] will denote the collection of g ∈ C(X, Y ) which are extensions of elements of F . In this paper, X 0 will be dense in X, Y will be Hausdorff and, consequently, each such extension of f ∈ C(X 0 , Y 0 ) will be unique and will be denoted by f. It will be evident from the context which spaces X 0 , Y 0 , X, Y are under consideration. If X 0 , Y 0 are complex subspaces of complex spaces X, Y respectively we will write
, the punctured disk. The notation A will represent the closure of the subset A of a topological space.
The results listed in (1 
and all x, y ∈ D * ). The authors would like to express their appreciation to the referee for a careful reading of the paper in its original form, and for suggestions, all of which led to improvements which are reflected in the revision.
Preliminaries
Let X be a complex manifold. The Kobayashi-Royden differential pseudometric on X, the infinitesimal form of the Kobayashi pseudodistance k X , will be denoted by K X ; that is,
where p ∈ X, v ∈ T p (X), the tangent bundle of X at p, e is the unit vector 1 at 0 ∈ D, and dϕ is the tangent map induced by ϕ between the tangent spaces of D and X ( [20, pp. 88-94] ). Recently Kobayashi [17] defined another intrinsic pseudodistance k X,Y on X and its infinitesimal form K X,Y when X is a complex submanifold of a complex manifold Y. The functions k X,Y and K X,Y are defined similarly to the way k X and K X are defined but uses the family A length function on a complex manifold X is a real-valued nonnegative continuous function E defined on the tangent bundle T (X) satisfying (1) E(v) = 0 iff v = 0, and (2) E(av) = |a|E(v) for a ∈ C and v ∈ T (X). If X is a complex manifold and E is a length function on X, we denote by d E the distance function generated on X by E [20] . The distance function d E is known to generate the topology on X ( [20, pp. 8-10] ). If X is a complex hyperbolic manifold and Y is a complex manifold with length function E, the norm |df | E of the tangent map for f ∈ H(X, Y ) with respect to E is defined by
(We use simply |df | and |(df ) p | when no confusion may arise.) The pull-back of the length function E by f is defined by f
For a complex space X the notions of length function and distance function d E associated with a length function E on X may be defined as for a manifold ( [20, pp. 8-10] ).
Let
If F is evenly continuous from each p ∈ X to each q ∈ Y , we say that F is evenly continuous (from X to Y ) [13] . Let F (x) = {f(x) : f ∈ F}. We will have the occasion to rely on the following topological version of the Ascoli-Arzelà Theorem which is readily derived from a Kelley-Morse theorem (Theorem 7.21 in [13] ). Proposition 1.1. Let X be a locally compact space and let Y be a regular space.
While it is immediate that each member of a uniformly normal family is a normal map in that setting, Example 1.3 in [12] exhibits that a family of normal maps might fail to be uniformly normal.
The proof of Proposition 1.2 (proved as part of Proposition 1.6 in [12]) is provided here for the sake of completeness. From this proposition it is not difficult to see that some important classes of complex spaces are defined by uniformly normal families. It is also easy to see from this result that if Y is a relatively compact complex subspace of a complex space, this collection of mappings has been introduced and studied by Zaidenberg [26] and called s-normal families. The proof of Proposition 1.3 is omitted.
Proof. Necessity. Follows from Definition.
Sufficiency. If F is not uniformly normal, there is a complex manifold M such that F • H(M, X) is not relatively compact in C(M, Y
+ ) and hence, by Proposition 1.1, is not evenly continuous; since even continuity is a local property, we may assume that M = {p ∈ C m : p < 1} for some m and that
is not uniformly normal. Recall that a complex subspace X of a complex space Y is hyperbolically imbedded If Q ⊂ Y is compact and fails the stated condition for the length function E, we choose sequences {p n }, {f n }, {v n } and q ∈ Q, such that
is an evenly continuous subset of H(D, Y ), we choose 0 < r < 1 such that f n • ϕ n (D r ) ⊂ V ultimately; the sequence of restrictions of {f n • ϕ n } to D r , which we call again {f n • ϕ n }, is uniformly normal and is consequently relatively compact in H(D r , Y ). Some subsequence of {f n •ϕ n } converges to h ∈ H(D r , Y ) contradicting |(df n • ϕ n ) 0 | → ∞. Now, to complete the proof of the necessity, choose sequences {V n }, {c n } such that V n is open and relatively compact in Y, V n ⊂ V n+1 ,
is distance decreasing with respect to k D and d E and the desired conclusion follows from Propositions 1.2 and 1.3. Example 1.7. If f ∈ H(D, P 1 (C)), and ∆ ⊂ D is a closed disk and ∂∆ denotes the boundary of ∆, let J(f (∆)) and L(f (∆)) be respectively the spherical area of f (∆) and spherical length of f (∂∆). Let h > 0 and
Hayman ([9, p. 164]) showed that F (h) is invariant relative to A(D), the group of automorphisms of D, and normal in the sense of Montel. The family F (h) is uniformly normal. Example 1.8. Let M be a complex manifold, r > 0, and F ⊂ H(M, P 1 (C)) be a family of maps such that for each f ∈ F three points a The normal maps studied in [6] , [8] , and [18] are all normal maps in our sense.
Extension and convergence theorems
In this section we offer our main results. 
The proof may then be completed as in the proof of the necessity of Theorem 1.6. Suppose Q ⊂ Y is compact and fails the stated condition for the length function E. We choose q ∈ Q and sequences {f n }, {p n }, {v n } such that
, and such that f n (p n ) → q. We choose sequences {ϕ n } in F N,M , {r n } in (1,2) satisfying ϕ n (0) = p n , (dϕ n ) 0 (r n e) = v n and E((df n • ϕ n ) 0 (r n e)) > n. Suppose there exists r, 0 < r < 1, such that a subsequence of the sequence of restrictions of {f n • ϕ n } to D r , called again {f n • ϕ n }, satisfies f n • ϕ n ∈ F • H(D r , N); for such r it follows from (2) that F • H(D r , N) is evenly continuous and since f n • ϕ n (0) → q we again obtain a contradiction as in the proof of the necessity of Theorem 1.6. Alternatively we choose a sequence {z n } in D * such that z n → 0 and ϕ n (z n ) ∈ M − N, and a
n (0) → 0. Let g n = f n • h n and let V be a neighborhood of q relatively compact and hyperbolically imbedded in Y . There exists r, 0 < r < 1, such that ultimately g n (D * r ) ⊂ V ; so ultimately g n extends to g n ∈ H(D, Y ). From Theorem 2 in [11] there exists a subsequence of 
Proof. The proof is by induction on m. Equivalence (2) of Theorem 2.1 establishes the result for m = 1. Suppose the statement is true for the integer k but not for
, w n → w 0 , and let {f n } be a sequence in F such that f n (w n ) → p while f n (w n ) → p. Let U, V be open relatively compact neighborhoods of p such that V ⊂ U and assume that f n (w n ) ∈ Y − U. Let w n = (s n , t n ), w n = (s n , t n ), and w 0 = (s 0 , t 0 ) where s n , s n , s 0 ∈ (D * ) k and t n , t n , t 0 ∈ D * . Let
By the induction hypothesis we choose a neighborhood N 1 of s 0 such that ultimately
There exists a subsequence of
If {A n } is a sequence of subsets of a topological space we define the limit superior of the sequence A n to be the collection of elements x of the space with the property that each neighborhood of x intersects A n for infinitely many n. We use the notation lim sup A n for this set. Proof. As for the proofs of (1) and (2) [11] . To finish the proof of (1), if f ∈ F, then there exists a sequence {f n } in F such that f n → f . There exists a subsequence {f
If g ∈ F , choose a sequence {f n } in F such that f n → g. It follows that f n k → g for some subsequence {f n k } of {f n } and one inclusion is established. For the other inclusion if {f n } is a sequence in F and f n → g, then f n → g on M − A. To see that (3) holds note that, from (2), each subsequence of { f n } has a convergent subsequence; and that if { f n k } is a convergent subsequence, then f n k → f . For the proof of (4) we see from (2) that there is a subsequence {f n k } of {f n } such that (2), and (3) extend work of the authors [11] to uniformly normal families from complex manifolds having divisors with normal crossings to complex spaces. The results in [11] generalize work of Järvi [10] , Kobayashi [16] , Kwack [19] , Kiernan [15] , and Noguchi [22] , [23] . Theorem 2.3(5) generalizes a second result in [10] . In particular we have the following corollary. 
